Abstract-Low-rank matrix estimation arises in a number of statistical and machine learning tasks. In particular, the coefficient matrix is considered to have a low-rank structure in multivariate linear regression and multivariate quantile regression. In this paper, we propose a method called penalized matrix least squares approximation (PMLSA) toward a unified yet simple low-rank matrix estimate. Specifically, PMLSA can transform many different types of low-rank matrix estimation problems into their asymptotically equivalent least-squares forms, which can be efficiently solved by a popular matrix fast iterative shrinkage-thresholding algorithm. Furthermore, we derive analytic degrees of freedom for PMLSA, with which a Bayesian information criterion (BIC)-type criterion is developed to select the tuning parameters. The estimated rank based on the BIC-type criterion is verified to be asymptotically consistent with the true rank under mild conditions. Extensive experimental studies are performed to confirm our assertion.
a number of learning systems have been proposed for handling the aforementioned applications. Prominent examples include multivariate linear regression [1] , [6] , multitask learning [7] , matrix completion [3] , [8] , robust principle component analysis [9] , and relational learning [10] . All these examples provide evidence that exploiting the essential low-rank structure correctly can improve the prediction accuracy. Therefore, estimating the low-rank structure in practical tasks has become a recent focus in statistics and machine learning.
In this paper, we consider the problem of low-rank coefficient matrix estimation for multivariate linear regression. Assume that there are n observations for p explanatory variables x = (x 1 , . . . , x p ) , q responses y = (y 1 , . . . , y q ) , and
where Y = (y 1 , . . . , y n ) ∈ R n×q , X = (x 1 , . . . , x n ) ∈ R n× p , B ∈ R p×q is the coefficient matrix, and E = (e 1 , . . . , e n ) is the regression noise, whose components are independently drawn from some unknown distributions. Throughout this paper, we normalize each input variable so that there is no intercept in (1) . When the so-called Gram matrix X X is invertible, the ordinary least-squares (OLS) approach yields an estimatorB OLS = (X X) −1 X Y. The OLS approach amounts to performing q separate univariate regressions and completely ignores the multivariate aspect of the problem [11] . As a result, this approach could perform poorly in the presence of highly correlated explanatory variables [1] . In addition, the OLS estimate is unsuitable for the high-dimensional case whereby p and q are both large [1] , [12] . Numerous approaches have attempted to overcome the above-mentioned hurdles by imposing specific structure assumptions on the coefficient matrix B [1] , [13] [14] [15] [16] . One of the important research lines focuses on assuming the low-rank structure of the regression coefficient matrix B and penalizing the singular value of B, which leads to the following unified nuclear-norm penalization framework: low-rank structure of B. Hence, the nuclear-norm penalization encourages sparsity among the singular values to achieve simultaneous rank reduction and shrinkage coefficient matrix estimation. Here, L is a loss function of B, and different L results in different models. For example, Yuan et al. [1] proposed the model 
where tr is the trace of a matrix. In (3), the loss function L can be seen as a weighted least squares loss. The flexibility of L makes (2) a unified form of many different nonconvex and nonsmooth optimization problems (a detailed discussion can be found in Section IV-A). The tuning parameter λ > 0 is also called the regularization parameter, which controls the selected rank of B, that is, larger λ leads to a smaller estimated rank of B. Therefore, we do not distinguish the actual meaning of selecting rank and tuning parameter throughout this paper. Summarily, there are two key issues concerning any form of (2) before it is applied: a fast algorithm and an efficient tuning parameter selection strategy. The main aim of this paper is to provide a systematic approach to address these two issues.
As a powerful tool for handling complex learning systems, the least squares approximation (LSA) method has been applied to the robust regression [17] , [18] , robust classification [19] , sparse signal recovery [20] , [21] , and so on. The basic idea of LSA is to use the least squares term to replace the part that is difficult to optimize in a complex model. For example, Wang and Leng [22] employed LSA to obtain a unified and efficient yet simple lasso-type estimate for many different complex models with the 1 -norm penalty. Motivated by their work, we propose in this paper a penalized matrix LSA (PMLSA) method to address the general lowrank matrix estimation problem (2) . The basic idea is to use the second-order Taylor expansion of L(y i j − x i B j ) in (2) to replace itself, which gives an LSA formulation. The proposed PMLSA method is shown to have the following advantages.
1) It can be quickly solved by an efficient matrix fast iterative shrinkage-thresholding algorithm (FISTA) that has an improved O(1/ √ ) convergence speed to obtain an -accurate solution. 2) PMLSA equipped with a Bayesian information criterion (BIC)-type parameter selection strategy that produces a consistent estimate of the true rank of B under mild conditions. Compared with the popular cross-validation (CV) procedure, the BIC-type procedure greatly reduces the computational cost.
3) It can be seen as a unified framework to address numerous different nuclear-norm penalized low-rank models [1] , [13] [14] [15] [16] in (2) . For these models, a model selection method with the consistent rank selection property has yet to be developed. Therefore, the main advantage of PMLSA and the proposed BIC procedure is in providing a way to select the true rank consistently for the models included in (2). The remainder of this paper is organized as follows. In Section II, we introduce PMLSA and present the matrix FISTA algorithm to compute the solution of PMLSA. In Section III, we propose a BIC-type criterion for selecting the tuning parameter of PMLSA. In Section IV, we discuss the related work on PMLSA in detail. In Section V, extensive experimental studies on synthetic data and two real-world applications are performed to further demonstrate the effectiveness of our method. In Section VI, we draw the conclusions for this paper.
II. PENALIZED MATRIX LEAST SQUARES APPROXIMATION
In this section, we present the details of PMLSA. Moreover, we emphasize that one of the advantages of PMLSA is that it can be quickly solved via an efficient matrix FISTA algorithm.
A. Models
Following the same notation in Section I, a general multivariate linear regression model with n samples on p explanatory variables and q responses has the following matrix form Y = XB + E. A classical estimate of B is obtained by minimizing some loss function L(B) such as the least squares loss
However, this natural estimateB = arg min L(B) cannot exploit the low-rank structure when p and q are relatively large. Previous works [1] , [12] , [14] , [15] applied the nuclear-norm penalty onto the matrix B to overcome this drawback, leading to the following optimization problem:
where
Here, (4) is equivalent to (2) for simplicity. Now, we focus on establishing a unified method for solving a series of models that have a form of (4). First, we denote
Then, motivated by the LSA method [17] [18] [19] [20] [21] [22] , we propose a new matrix LSA method. Let us emphasize thatB = arg min L(B). Assume that the second-order derivative of L exists; then, the first derivative of L has the propertyL(B) = 0. Therefore, the Taylor expansion of L(B) at pointB can be written as
where j L(B j ) is a constant and
is an estimate of the covariance ofB j [22] . Note that sometimes L n (B j ) does not exist, but −1 j can be calculated as shown in (7) . Therefore, this approximation can be used without the assumption on the existence of a continuous second-order derivative of L. Finally, ignoring all constants, we obtain a new loss function for any given B
Before introducing PMLSA, we consider how to obtain −1 j in (5) . For the univariate model Y j = XB j +E j , Koenker [23] indicated that the asymptotic covariance of the estimationB j has the common property
where f (e j ) is a function related to the j th noise and Y j and E j are the j th column of Y and E, respectively. For example, the well-known OLS has the form [24] , where COV(x) is the population covariance matrix of x. Hence, f OLS (e j ) = (σ 2 j ) −1 . For the quantile regression (QR), it has the form
and g(e j τ ) is the probability density of e j at the τ quantile. Therefore, f QR (e j ) = (σ j (τ ) 2 ) −1 . With these, we obtain the empirical estimate of
where X is the sample covariance matrix of x andf (e j ) is a sample estimate of f (e j ). With (7), (5) can be transformed into the following equivalent form:
where B * = (B 1f (e 1 ) (1/2) , B 2f (e 2 ) (1/2) , . . . , B qf (e q ) (1/2) ) andB * = (B 1f (e 1 ) (1/2) ,B 2f (e 2 ) (1/2) , · · · ,B qf (e q ) (1/2) 
which is called as PMLSA. We then show in the following how to obtain the valid estimate of (2) via PMLSA.
B. Matrix FISTA for Solving PMLSA
With loss of generality, we still use B to replace B * in the following. Actually, (9) can be formulated as
where I is the identity matrix. Compared with (3), if we set Y =B * and X = I , then (10) can be seen as a special case of (3). Yuan et al. [1] used an algorithm called SDPT3 to solve (3) . However, SDPT3 is a second-order cone program solver, which is not computationally efficient for large-scale problems.
The FISTA [25] is an efficient method for solving the penalized linear regression with the 1 -norm penalty. Compared with the traditional algorithms, it significantly improves the convergence speed from O(1/) to O(1/ √ ) to obtain an -accurate solution. Furthermore, Toh and Yun [26] successfully extended the FISTA to a matrix version. We apply the matrix version of FISTA to solve (10) , as shown in Algorithm 1.
Algorithm 1 Matrix FISTA
Input: X , B 0 :=B * (the initial value of B) and a tolerance .
and B s by the following steps:
Stopping condition: Keep the above iteration until s
satisfies ||P s || F l max(1, ||B s || F ) ≤ where P s ← l(C s−1 − B s ) + X (B s − C s−1 ). Output:B = B s .
Remark 1:
Since the loss function (8) is convex and continuously differentiable, the convergence analysis of Algorithm 1 can be performed using [26, Corollary 3.1] , therein showing that Algorithm 1 has a convergence speed of O(1/ √ ). This implies that the convergence speed of Algorithm 1 is extremely fast compared with the common O(1/) convergence speed [1] . Moreover, we should emphasize that implementing Algorithm 1 depends on selecting a proper tuning parameter λ. However, to the best of our knowledge, models included in (2) still do not have a proper model selection procedure with a consistent rank estimate guarantee.
III. RANK SELECTION OF PMLSA
In this section, we show the second advantage of PMLSA, namely, we derive a BIC-type criterion to select λ with the rank selection consistency verification.
In the machine learning community, CV, as a commonly used method, has been widely applied to select the tuning parameters of various models. Recently, the benefits of the information-type criterion have been shown in the model selection of many complex models [27] [28] [29] [30] . Compared with the CV method, information-type criteria, which do not need to resample the original data set to evaluate the average prediction accuracy, are more time efficient. For example, the classical information-type criterion, BIC [31] , for linear models has the form Loss + df λ log(n) (11) where the first part of (11) is usually addressed by recalibrating the goodness of fit based on the whole data set (e.g., likelihood functions and loss functions), the second part of (11) measures the model complexity for different parameters λ that need to be carefully chosen, and df λ is the degrees of freedom of the model. It is not difficult to see that to take advantage of the BIC-type criterion for tuning parameter selection, we should first provide a precise estimation of df λ of PMLSA.
A. BIC-Type Criterion for PMLSA
Indeed, L * (B) in (8) can be naturally seen as the loss of PMLSA. Then, the BIC-type criterion considered in this paper is defined as
Compared with (11), (12) is rescaled by 1/n to obtain X . Note that the classical BIC generally does not depend on an unregularized estimate such asB * . Hence, the formulation (12) is not exactly the traditional BIC criterion. However, motivated by the unified lasso-type estimate proposed in [22] that has a similar formulation as (12), we can still call it a BIC-type criterion. Denote byr λ an estimated rank ofB * λ with the true rank r . We obtain a best estimateB * r by restricting the rank to r , which means that
Obviously, for any B * with rank(B * ) = r , we have
Next, we attempt to present the feasibility of the proposed BIC (12) in Theorem 1, which means that (12) can be used to select the true rank if we can obtain sufficiently many samples, i.e., n → ∞. To this end, we need the following two assumptions.
Assumption 1 indicates that the empirical covariance matrix X is consistent with X . In practice, this can be guaranteed by the central limit theory. Assumption 2 is a technical condition, which is provided in [1] . Because any estimation obtained by the penalized method for a fixed tuning parameter λ is biased, Assumption 2 guarantees that λ → 0 as n → ∞ and exhibits the so-called
We then obtain the following Theorem 1. Theorem 1: Under Assumptions 1 and 2, there exists λ 0 such that P( inf
Proof: We will prove that there exists λ 0 (satisfying Assumption 2) that has the minimal BIC value of all λ leading tor λ = r asymptotically. To this end, we will discuss the underestimater λ < r and overestimater λ > r cases. ) is o(1). In addition, for anyr λ < r , the following holds:
where the last inequality (15) 
) is satisfied with probability approaching one as n increases to ∞ in this case.
Case 2 (r λ > r):
In this case, we obtain an overfitted model
Note thatB * r is √ n-consistent for any r > r and that the first two terms of the last expression are both O(1). However, log(n) → ∞ when n → ∞. Consequently, forr λ > r , λ 2 satisfies P( inf r λ >r BIC λ > BIC λ 2 ) → 1. Combining the above-mentioned two cases, we can choose λ 0 = λ 1 for the underestimate case and λ 0 = λ 2 for the overestimate case. The proof of Theorem 1 is completed.
Theorem 1 implies that as n increases, with probability approaching one, the BIC-type criterion (12) obtains a proper λ 0 satisfyingr λ 0 = r if df λ is known. However, it is not easy to estimate df λ of (9). Fortunately, using the idea in [34] , we can obtain an unbiased estimate of df λ in Section III-B.
B. Effective Degrees of Freedom
As already mentioned, to apply the proposed BIC (12) to PMLSA, we need to estimate df λ of PMLSA. The degrees of freedom, which can be used as a powerful tool to quantify the complexity of a modeling procedure, have been extensively studied (see [12] , [33] , [34] ). In the case of the univariate linear regression model, the degree of freedom is the number of estimated parameters p. However, in general, it is difficult to give the exact relationship between the degrees of freedom and the number of free parameters [35] . Therefore, estimating df λ of the models included in (2) is of great difficulty.
For some simple case, Yuan et al. [1] used
to estimate the degrees of freedom of (3) with W = I , where R is a matrix calculated by the nonzero singular values of the minimizer of (3). However, this technique suffers from the problem that the estimated rank is usually larger than the true rank [1] , [34] . To remedy this issue, Mukherjee et al. [34] considered the problem of estimating df λ for a broad class of multivariate regression models [includes (3)] with the form
whereŶ andB denote the unpenalized prediction of Y and B, the singular value decomposition (SVD) of
is a function of σ k and λ. They further proposed an unbiased estimate of df for any multivariate regression model having the property of (17) . However, other models, such as multivariate quantile regression [15] and robust multivariate regression [14] , are not special cases of (17) . In the following Theorem 2, we derive an unbiased estimate of df λ of PMLSA by two steps. In the first step, we prove that the solution of PMLSA satisfies (17) . Then, in the second step, we use the results provided in [34] to give a precise estimation of df λ of PMLSA.
Theorem 2: df λ of PMLSA (9) has an unbiased estimate provided bŷ
and
Proof: Recall that (9) can be formulated as (10) , that is
where I is the identity matrix. Compared with (3), if we set Y =B * and X = I , then (10) can be seen as an orthogonal design of (3). Suppose thatB * λ = arg min Q(B). Thus, [1, Lemma 2] indicates that for the orthogonal design of (3), B * λ has the analytic form
where the SVD of the unpenalized estimateB * =Û * D * V * andD
Next, we show thatB * λ satisfies (17) . This is becausê (12) , the criterion can be used to select the tuning parameter λ.
IV. DISCUSSION

A. Related Work
This paper is naturally related to a number of learning systems (e.g., penalized multivariate regression models). By penalizing the rank of the regression coefficient matrix B, penalized multivariate regression indeed solves the following optimization problem:
which is usually called the reduced-rank regression. Although the rank constraint makes (21) a nonconvex optimization problem, it allows for a closed-form solution, as described in [11] . Therefore, the main challenge in the reduced-rank regression (21) method is to select a proper tuning parameter r . In fact, there are two significant drawbacks to the reduced-rank regression. One drawback is that this type of procedure is unstable due to its discrete constraint [36] , [37] , namely, small changes in data sets lead to different estimates. The other drawback is that we can use many different types of criteria to select the tuning parameter [12] , [14] , [38] . However, no method can guarantee that the selected rank is consistent with the true rank theoretically.
To improve the stability of low-rank coefficient matrix estimate, Yuan et al. [1] proposed a nuclear-norm penalized low-rank coefficient matrix estimation method in (3). Penalizing the nuclear norm can be seen as a convex relaxation of penalizing the rank, which encourages sparsity among the singular values to achieve simultaneous rank reduction and shrink the coefficient matrix estimate. However, it is computationally intensive and tends to overestimate the rank [12] , [34] , [39] . Although Toh and Yun [26] proposed an accelerated proximal gradient algorithm to solve (3), which dramatically improves the convergence speed, how to select a proper λ to obtain a more efficient estimation remains an open problem.
Recently, the low-rank coefficient matrix estimate problem was generalized to many other regression models for various purposes. Engle and Manganelli [40] and Chao et al. [15] introduced a nuclear-norm penalized multivariate QR for tail event curve estimation. In such models, the loss function is written as L(B j ) = ρ τ (y i j − x i B j ), j = 1, . . . , q, where ρ τ (u) = u(τ − 1(u < 0)) and 1 is the commonly accepted indicator function. Furthermore, Zhao et al. [38] and She and Chen [14] proposed a robust version of penalized low-rank regression models by employing the least absolute derivation loss L(B j ) = |y i j − x i B j |, which attempts to mitigate data corruption. Although all the above-mentioned examples demonstrated the flexibility of the penalized low-rank regression models, this flexibility may lead to difficulties in solving the model [15] and further selecting the true rank of B. How to efficiently solve the models and derive a suitable criterion for the model complexity for selecting the tuning parameter has yet to be completely addressed. Thus, the aforementioned problems have become a hurdle to the widespread application of the models.
To overcome these hurdles, we consider the unified problem (2) including all the aforementioned models [1] , [14] , [15] , [38] , [40] . The main contributions of this paper are in the use of PMLSA to solve all such models included in (2) with an efficient tuning parameter selection procedure. We shall also show that PMLSA can improve the estimation accuracy and rank selection consistency of the nuclear-norm penalized multivariate regression [1] , multivariate robust regression [14] , [38] , and multivariate QR [15] , [40] methods through an extensive numerical study.
B. Implementation
This section presents some considerations that are useful for implementing the PMLSA and its BIC criterion.
1) For real data analysis, we consider a projected regression problem, i.e., centralization is necessary for both X and Y. 2) Sometimes, f (e j ) is very small, which leads to the problem of underflows during computation. In practice, a better method is to adjust f (e j ) as f (e j ) = f (e j )/ min j ( f (e j )).
3) The proposed BIC-type criterion for PMLSA is proven to consistently select the true rank of B under mild conditions. However, we cannot guarantee that the estimation of B can result in better prediction performance because PMLSA is simply an approximation of the unified framework (2) . To this end, we suggest using a two-step method in practice. Specifically, in the first step, we choose the rankr by PMLSA with the proposed BIC and obtainB by the "no penalty" method [i.e., set λ = 0 in (2)]. In the second step,Br , as ther -rank approximation ofB, is constructed bŷ
where the SVD decomposition ofB = U V and λ 1 , . . . ,λ r are the firstr singular values in . This two-step procedure has been considered as a standard method for handling this type of problem [41] , [42] . Based on the above statements of PMLSA's implementation, we conduct a number of experimental studies to demonstrate the rank selection and prediction performance of PMLSA using the proposed BIC-type criterion.
V. EXPERIMENTAL STUDY
We present extensive numerical studies to compare PMLSA's finite sample performance with different models included in (2) . In the following, we first repeat each simulation 200 times, and the mean and standard deviation of the model error (ME), median relative ME (MRME), coefficient error (CE), and mean squared error (MSE) are recorded to measure their performance. These are denoted as follows:
where {Y test , X test } are the generated testing samples. Then, two real-world data examples, i.e., gene expression data and stock market data, are used to illustrate the efficiency and flexibility of PMLSA.
A. Simulation 1 (Least Squares Regression)
In this experiment, we justify the goodness of our model in the multivariate regression with the least squares loss. First, n samples are independently generated from (1) . An p×q matrix is simulated from N(0, σ 2 ), and B is generated by replacing its singular values with (λ 1 , . . . , λ r , 0, . . . , 0) , where λ i s are randomly sampled from {2, 3, 4, 5, 6, 7, 8, 9, 10}. Then, X is drawn from N(0, ), where i j = 0.5 |i− j | . We compare the performance of the following methods under different settings of (n, p, q, r, n test ), where n test is the number of testing samples. 1) PMLSA + BIC: Use Algorithm 1 and the BIC criterion (12) with df λ estimated by (18) and (19) . 2) PMLSA + CV: Use Algorithm 1 and the fivefold cross validation (CV) procedure to choose the tuning parameter λ. 3) LS + GCV: Use Toh and Yun's algorithm [26] to solve (3) and the generalized CV (GCV) criterion with df λ estimated by (16). 4) No Penalty: This is the ordinary least squares approach to estimating B. 5) Two-Step Method: Use the PMLSA + BIC method to obtain the estimated rankr and the no penalty method to estimate B; then, constructBr via (22) . The average results of the estimated rank, ME, MRME, and CE are summarized in Table I .
It can be easily observed from Table I that PMLSA + BIC demonstrates the best capability of choosing the true rank, which supports the assertion of Theorem 1. On the one hand, the average values of ME, MRME, and CE of PMLSA + BIC are all larger than those of LS + GCV estimation, which is the commonly used approach to solve (3) [1] . This is because the PMLSA is only an approximation of (3), and (3) itself uses the least squares loss in the model. On the other hand, the average values of ME, MRME, CE, and MSE obtained by the two-step method are all smaller than LS + GCV. This indicates that PMLSA + BIC can capture the more accurate low-rank structure of B, which leads to the better estimation of B via the two-step method.
B. Simulation 2 (Least Absolute Deviation Regression)
We consider the following optimization problem:
which is the penalized least absolute deviation regression (PLADR) with the nuclear-norm penalty. In fact, this regression model is proposed for two fundamental motivations. First, PLADR is a special case of penalized multivariate QR with τ = 0.5 quantile [15] . Second, PLADR is also a penalized robust regression for addressing corruption data with a heavy tail [14] . In this simulation, we keep the same way of generating B and X as Simulation 1. Due to the aforementioned two motivations of PLADR, we consider that the noise independently draws from the t-distribution namely t (5). We then compare the performance obtained by the following methods.
1) PMLAS + BIC:
Use Algorithm 1 and BIC criterion (12) with df λ (18) and (19) . 2) PMLAS + CV: Use Algorithm 1 and fivefold CV to choose the tuning parameter. 3) FST: It is an algorithm to solve PLADR, uses [15, eq. (3.8)] to choose the tuning parameter. 4) No Penalty: We solve the model by LAD regression separately to obtainB LAD .
Two-
Step 5) Method: Use PMLSA + BIC method to obtain the estimated rankr and the no penalty method to estimate B and then constructBr via (22) . We should mention how to obtain the inputsB LAD and f (e j ) = (σ j (0.5) 2 ) −1 of PMLSA. We can estimate f (e j ) by the following function [43] :
where τ = 0.5 is used in this case, Table II .
In Table II , PMLSA + BIC still significantly outperforms other competing methods in terms of the accuracy of the estimated rank. In addition, the average values of ME, MRME, CE, and MSE of the two-step method are almost smaller than the factorisable sparse tail (FST) and no penalty methods, which indicates that this method can be applied in robust multivariate regression [14] , [38] .
C. Simulation 3 (Quantile Regression)
In this simulation, we consider the model
where ρ(w) = w[τ − 1(w < 0)]. Following the same simulation setting in [15] , we set p = q = 50 and n = 400, 1000. We first build two coefficient matrices B 1 and B 2 with ranks r 1 = 5 and r 2 = 15, respectively, as follows. 
where U i j is simulated by the uniform distribution U (0, 1) and q τ = quantile(τ, N(0, 0.4 2 )). Note that we can obtain y i j on x i , that is
We compare the estimations of the 0.25 and 0.75 quantiles by the PMLSA + BIC, PMLSA + CV, FST, no penalty, and two-step methods. The input of PMLSA can be calculated by (24) and unpenalized QR. The numerical performance over 200 trials is averaged and given in Table III . In Table III , compared with the FST and no penalty methods, PMLSA + BIC still has the best capability in choosing the true rank. Moreover, the average values of the MRME, CE, and MSE of the two-step methods are all smaller than those of the FST and no-penalty methods. This implies that PMLSA+BIC can capture a more accurate low-rank structure in the multivariate QR model (25) .
D. Arabidopsis Thaliana Data
In this section, we apply the model (3) to the genetic association study of Wille et al. [44] . The goal of this microarray experiment is to understand the regulatory control mechanisms in the isoprenoid gene network of the plant Arabidopsis thaliana, more commonly known as thale cress or mouse-ear cress. Isoprenoids have many important biochemical functions in plants. To monitor the gene expression levels, 118 gene chip microarray experiments were performed. The predictors consist of 39 genes from two isoprenoid biosynthesis pathways, i.e., mevalonic acid (MVA) and motor evoked potential (MEP), and the responses consist of the expression levels of 795 genes from 56 metabolic pathways, many of which are downstream of the two pathways considered as predictors. Thus, some of the predictor genes have been shown to present high correlations resulting in the low-rank structure of the coefficient matrix [34] , [44] .
We select two downstream pathways, i.e., the carotenoid and phytosterol pathways, as our responses. It has already been shown experimentally that the carotenoid pathway is strongly linked to the MEP pathway, whereas the phytosterol pathway is significantly related to the MVA pathway (see [44] and the references therein for a detailed discussion). Finally, we have 118 observations with p = 39 predictors and q = 36 responses, which are all logarithmically transformed to reduce the skewness. We also standardized the responses to make them comparable. The data set is randomly split into a training set with 50% of the samples and a testing set with the remaining samples. We then fit the model (3) using the PMLSA + BIC, PMLSA + CV, LS + GCV, no penalty, and two-step methods on the training samples and then apply them to measure their prediction performance on the testing set. The performance metric is the MSE. The average estimated rank over 200 independent trials is recorded in Table IV. It can be observed from Table IV that PMLSA+BIC achieves the best prediction performance in terms of the smallest MSE. Furthermore, we can see that the estimated ranks of PMLAS + BIC, PMLSA + CV, and LS + GCV are all much smaller than 36, which means that they indeed found the low-rank structure underlying the data ensemble. Compared with all other methods, PMLAS + BIC gives the smallest estimated rank while simultaneously achieving the smallest MSE. These observations imply that the PMLSA + BIC method can interpret the data very well. Note that the two-step method cannot give the best performance in terms of MSE. This may be because the sample size is relatively small for this real data example.
E. Stock Market Data
In this section, we evaluate the proposed PMLSA for the penalized multivariate QR (25) on a stock market data set, i.e., a set of stock prices consisting of 119 major U.S. banks. The data set can be downloaded directly from Simone Manganelli's website. 1 The data period that we used is from October 30, 2003 to August 6, 2010 and includes 1767 trading days. Hence, there are 1767 closing prices for each stock.
Denote lar it = log(Price it ) − log(Price it−1 ) as the log asset return of the i th stock at time point t, where i = 1, . . . , 119, t = 2, . . . , 1767, and Price it as the price of the i th stock at time point t. To predict the lar, the conditional autoregressive value at risk (CAViaR) (MQ-CAViaR) model, which allows a TABLE III   SIMULATION RESULTS FOR QR   TABLE IV RESULTS FOR Arabidopsis Thaliana DATA sequence of conditional quantiles of log asset returns to depend on each other, has been proposed in [40] , [45] . Formally, it can be formulated as lar it,τ = β 1 |lar it−1 | + β 2 lar − it−1 (29) where lar it,τ is the τ quantile of the i th lar at time t and lar Therefore, based on model (29), we can construct a design matrix X ∈ R n× p with p = 238 and Y ∈ R n×q with q = 119. In fact, the famous three-factor model indicates the existence of an underlying mechanism for the stock market, which imposes the low-rank structure on the coefficient matrix [15] , [46] .
In this data set, we choose the first n = 1365 time points as training samples and the last 400 time points as testing samples. We apply the penalized multivariate regression Table V .
From Table V , we can find that the estimated rank of the no penalty method is 119, which is very high. This means that it cannot exploit the low-rank structure underlying the data ensemble. Compared with the no penalty method, both PMLSA + BIC and FST can estimate a rank that is extremely small when τ = 0.1 and 0.9. This implies that the low-rank structure of the stock market data set indeed exists. Furthermore, the PE of PMLSA + BIC decreases by approximately 20% compared to that of FST. This may be because the PMLSA does not regressively shrink the rank of the coefficient matrix as FST does, considering that the estimated rank of FST is one on the data set.
VI. CONCLUSION
Low-rank coefficient matrix estimation in multivariate regression has encountered two crucial issues: 1) how to construct a fast algorithm for solving the model and 2) how to derive a corresponding criterion for consistently selecting the tuning parameter or the true rank.
In this paper, we propose a PMLSA method to develop a unified framework (2) that includes a number of multivariate regression models. Using a unified form of the least squares loss to approximate the loss of different models, we employ an efficient algorithm named matrix FISTA to solve the resulting model. We also develop an effective method to calculate an unbiased estimate of df λ and further propose a BIC-type criterion to choose the proper tuning parameter λ. Moreover, we justify such procedure consistency in finding the true rank. Simulations demonstrate the superiority of PMLAS over other competing methods in choosing the rank, and a real data example further reveals its stability and validity.
Along this line, this method presents several desirable research directions for the future study. First, in statistics, M-estimators are a broad class of estimators, which are obtained as the minima of the sums of several loss functions [47] . Therefore, the unified framework (2) can be seen as a special penalized M-estimator [18] , [47] , [48] , which treats many different models as special cases. How to extend the PMLSA to address more general models is an important problem. Second, the proposed PMLSA is based on the property that −1 j = f (e j )COV(x), which may not hold in certain regression models such as logistic regression. However, −1 j = f (e j )COV(x) is related to the Fisher information matrix in the M-estimator [47] . This may represent one way of overcoming this difficulty. Third, the technical Assumption 2 supposes that q and p cannot be set very large beyond O(n). However, this type of application (large p and q) has appeared in ultrahigh-dimensional data analysis [49] , [50] . Generalizing the PMLSA for handling large p and q problems is an urgent issue. We will investigate all such issues in the future.
